This article deals with the evaluation of some integrals involving error-, exponential-and algebraic functions with an objective to derive explicit expressions for the second and third order correction terms in the approximation of the modified error function, playing important role in the study of Stefan problem. The results obtained here appear to be new and resolve the lack of desired monotonicity property in the results presented by Ceretania et al. [1] . Results derived here seem to be useful for the researchers working with Stefan problems.
Introduction
The understanding of phase-change processes are important for scientists and engineers due to their appearance in a wide variety of situations, both in natural and industrial processes. The *Corresponding author: E-mail: madanpanja2005@yahoo.co.in mathematical modelling of such precesses, melting and freezing in particular, as moving boundary problem and their analysis have been exercised since the nineteenth century [1, 2, 3, 4] .
Cho and Sunderland [5] in 1974 studied a phase-change process for a semi-infinite material (onedimension) with a (linear) temperature dependent thermal conductivity and appears to be a good approximation for several materials [6] . In such work, the solution to the (differential) equation involved in the model was obtained through an auxiliary function having resemblance to the error function erf(x) [7] . Consequently, such function was designated as modified error function (MEF). In spite of the applications in the studies of several phase-change processes [8, 9, 10, 11, 12, 13, 14, 15, 16] , theoretical aspects e.g. existence and uniqueness, domain of definitions etc. of MEF was overlooked. In their studies [17, 18] and references therein, Tarzia and his collaborators investigated the mathematical aspects of MEF as mentioned above.
In their study [18] , the MEF has been represented as a series solution
of the nonlinear boundary value problem The authors in [18] obtained first and second order corrections ϕ1(x) and ϕ2(x) involved in the approximations Ψ δ,1 (x) and Ψ δ,2 (x) of the MEF for δ > −1. But it is observed that Ψ δ,1 (x) appears to be better approximation than Ψ δ,2 (x), which is not desirable. The reason could not be addressed completely. Although the two corrections ϕ0(x) and ϕ1(x) was presented as explicit analytical function, the second order correction ϕ2(x) could not be derived explicitly, rather it is obtained in terms of integrals involving products of exponential and error functions. The authors suggested that the numerical implementation of the integrals present in ϕ2(x) might introduce nonnegligible perturbations. During numerical experiment it is found that the order of magnitude of ϕ2(x) was greater than that of ϕ1(x), which raises uncertainty over the convergence of the series (1.1).
To avoid this undesirable property, the authors in this paper have derived explicit expression of ϕ2(x) involving exponential and error functions. Furthermore, the explicit expression of the next order correction ϕ3(x) has been obtained by the evaluation of some integrals involving error function and exponential function. In the course of this derivation some recurrence relation have been obtained, which are not available in the literature yet. With these expressions it is observed that the order of magnitude of the corrections decreases order by order, thus resolves the apparent problem of monotonicity of the successive correction terms that is necessary for the convergence of the series in (1.1). Hence, the inconsonance which arises in [18] has been dispelled.
Approximate Solution
Use of expansion (1.4) in Eq.(1.2) with boundary condition (1.3) suggests that the leading order correction ϕ0(x) is solution to the equation [18] 
The higher order corrections ϕn(x), n ∈ N are solutions to the equation
Here, An−1(x) is given as
The value of the corrections ϕn(x) (n ∈ N) in the expansion (1.1) can be calculated by using two-fold integration given as
Here, cn,1 is the integration constant and erf(x) is error function defined as [7] erf(x) = 2 √ π
Now the solution of Eq.(2.1) with boundary condition (2.2) is given by
With the use of ϕ0(x), we can calculate A0(x) and ϕ1(x) from (2.5) and (2.6) respectively as
Using the boundary condition (2.4) we have
Using this value of c1,1 in (2.10) one gets
Here erfc(x) = 1 − erf(x) is the complimentary error function [7] . To obtain the expression for ϕ2 (x) we present the following definition and theorems.
Theorem 2.1. The integral involving exponential and error function can be represented as
Here T (z, a) is Owen T-function defined as [7] T (z, a) = 1 2π
Proof. Differentiating (2.14) w.r.t z and using the transformation z t = √ 2 τ , we get dT dz
Further substitution of a z = √ 2 y followed by integration with respect to y over
Choice of a 2 = 1 λ gives the result presented in the statement of the theorem.
Lemma 2.1:
Proof. We use the following property of Owen T-function [19] 
where
Now the substitution
Substituting the value of G(z) in (2.17) one can obtain the relation stated in the lemma.
Lemma 2.2:
Proof.
Using the result obtained in Lemma 2.1 the statement in this lemma can be proved.
Definition 2.1 :
We define the notation I m,n,λ (x) as follows
where b ∈ R is a constant.
Proof. Substitution of bt = t ′ in the integral mentioned in the Lemma converts it into
Theorem 2.2. The integral I m,n,λ (x) given in (2.18) satisfies the recurrence relation
where λ > 0, m ≥ 0, n ≥ 1. It may be observed that
Results in (2.21), (2.22) are obtained by straightforward integration using the Definition-2.1 while the result in (2.23) can be established by using Theorem-2.1. Now,
This completes the proof.
Theorem 2.3. Using Definition-2.1 we have the following recurrence relation for
Proof. We use the formula for integration by parts to get
Theorem 2.4. The explicit expression for the second order correction ϕ2(x) in the approximation of modified error function Φ δ (x) can be obtained as
] .
(2.26)
Proof. From (2.5) one can get,
Explicit expressions for ϕ0(x), ϕ1(x) given in (2.8) and (2.12) have been used to obtained
(2.28)
Using the integral representation of ϕn(x) in (2.6) for n = 2, one can obtain the explicit xdependence of ϕ2 with the help of Lemma-2.2 and Theorem-2.2 as
(2.29)
Use of the boundary condition (2.4) for n = 2, properties of error-and complementary errorfunctions provides the integration constant
Relations in (2.29) and (2.30) simultaneously recover the statement of Theorem-2.4.
The result obtained here appears to be new.
To derive third order correction term ϕ3(x), we recall (2.5) to obtain
Use of explicit expression for ϕi(x), i = 0, 1, 2 into the above expression yields a large expression in x which has been split into five parts as 
A2,1(s) ds
= − 8 π 2 I0,2,1(t) − 1 π 2 ( 6 √ 3 + π − 28 + 20 π ) I0,0,1(t) − 18 π 5 2 (π − 2) I0,1,2(t) − 14 π 2 I0,2,3(t) − 8 π 2 I0,0,3(t),(2.
I1,3,0(t)
+ ( 1 π 3 2 (6 √ 3 + π − 36) + 20 π 5 2 ) I1,1,0(t) − 12 π 2 (π − 2) I1,2,1(t) + 24 π 2 (π − 2) I1,0,1(t) − 26 π 3 2
I1,3,2(t) + 64
Use of (2.50)-(2.54) in (2.38) and the boundary condition in (2.4) for n = 3, gives
Substituting the derived expressions of ϕ 3,k (x), k = 1, 2, ..., 5 and the value of c3,1 in (2.38) we obtain the explicit expression for the third order correction ϕ3(x) involving error-, complementary error-and Owen T -functions as
This explicit expression for ϕ3(x) seems to be new.
To exhibit the usefulness of the results derived here we have compared the correction terms ϕn(x) in (1.4) with the results obtained by Ceretani et al [18] in Fig.1 . It is observed that the lack of monotonicity of successive corrections of MEF present in [18] disappears.
Over and above, the residual error
for the approximate solutions Ψ δ,1 (x) derived here and yi,p(x; δ), i = 1, 2 obtained recently by Bougoffa [20] have been presented in Fig. 2a and Fig. 2b for δ = 0.15 and 0.1, respectively. From a careful analysis of these figures it appears that the residual errors corresponding to the approximate solution Ψ δ,1 (x) derived here seem to be significantly less than the same corresponding to the approximate solutions presented by Bougoffa [20] . The monotonicity of the ER[Ψ δ,m ](x) corresponding to the approximate solution involving higher order corrections (m = 2, 3) has also been maintained as evident from the Fig.3 .
Discussion
The main goal of this paper is the derivation of the explicit expressions for the second and third order corrections in the approximation of the MEF which satisfies Eq. . It indicates that the series in (1.1) seems to converge for |δ| ≤ 2. Most of the results obtained here appear to be new and resolve the lack of monotonicity of successive corrections in the approximation of MEF appearing in [18] . The results derived here may be useful for the researchers working in the field of Stefan problems e.g., in the approximations of generalized error function introduced by Ceretani et al in their recent work [21] .
The limitation of this approximation scheme is that the derivation of the explicit expressions for the next order corrections (ϕn(x), n ≥ 4) involves intricate calculations due to the presence of integrals containing Owen T -functions which are not even manageable with the help of symbolic computations in a straightforward way. So, an alternative approximation scheme for the modifiedand generalized-error function Φ δ (x) with higher order accuracy may be desirable. 
